Abstract
Introduction
On-chip spiral inductors are key components in many RF integrated circuits (RFIC's) running at GHz frequency range. During the past few years, the design and optimization of integrated spiral inductors has attracted much interest in both the IC design and the electronic design automation communities. The goal of the inductor optimization may vary depending on the applications. It could be high quality factor £ , small area occupied by the device, or small parasitic effects, etc. In this paper, we concentrate on the optimization of high-£ spiral inductors. Roughly speaking, there are three major loss mechanisms that degrade the quality factor of on-chip inductors: the energy loss due to the series resistance of the spiral itself, the electric coupling between the spiral and the substrate, and the magnetically induced eddy current flowing in the substrate. In [1] , the substrate loss due to eddy current is significantly reduced by inserting a patterned ground shield between the spiral and the substrate as shown in Fig. 1 , and ¤ This work is supported in part by the NSF under award CCR-0098117 in [2] , both the electric and magnetic couplings to the substrate are practically eliminated by etching away the substrate beneath the spiral. The energy loss due to the series resistance of the spiral, however, can only be reduced by optimizing the geometrical parameters of the inductor such as the number of turns, the outer length, the width of the metal traces constituting the spiral, and the space between adjacent metal traces.
Figure 1. A three turn square spiral inductor with a patterned ground shield
There are several previous works targeting on the optimization of the geometrical parameters of integrated spiral inductors to increase the quality factor. Enumeration is used in [3] where the geometrical parameters are first discretized, then each combination of the resulting parameter values is simulated, and finally, the parameters that result in the highest £ are used in the design. This method, although intuitive and simple, can be highly inefficient, especially when the number of adjustable parameters becomes large because the time complexity of the enumeration method is exponential with respect to the number of optimization variables. In [4] , geometric programming is used to solve the spiral inductor optimization problem. Geometric programming is a powerful mathematical programming method based on the assumption that both the objective function and the constraints are posyn-omial functions. To satisfy this requirement, the inductance of the spiral must be extracted using the approximate formula derived from curve-fitting a large number of pre-fabricated or pre-simulated designs. In addition, the entire device must be represented by a single ¥ model with all the lumped parasitic components written out in posynomial functions. The limitation of this method is that several high frequency effects which are significant at GHz frequency range cannot be taken care of by the simple closed form formulas, e.g., in writing the inductance and the parasitic resistance of the spiral as posynomial functions, it is impossible to model the proximity effect which may become significant at frequencies as low as a few hundred MHz.
In this paper, we propose using SQP to optimize the quality factor of integrated spiral inductors. SQP is an iterative mathematical programming technique based on the observation that almost any smooth continuous function can be locally approximated by a quadratic function and it has the desired property that the local convergence rate is superlinear if the starting point of the iterations is close enough to the optimal solution. Compared with enumeration, the SQP algorithm achieves at least an order of magnitude speedup which can significantly reduce the turn-around time of the design of spiral inductors, and compared with the geometric programming approach, SQP can be used with any physical model to optimize the device operating at any frequency, which makes it suitable to a broader range of applications. The SQP optimizer is built upon a spiral inductor extraction engine similar to that used in [5] . The quality factor and the effective inductance of the device are extracted from the two port ¦ parameters, and the well-known proximity effect and skin effect are taken care of automatically by meshing the metal traces in the longitudinal direction. We assume that a patterned ground shield exists beneath the inductor and thus the eddy current in the substrate is not modeled. In addition, to make the implementation simple, we have only worked on the square spiral inductors. The rest of the paper will be organized as follows. Section 2 formulates the inductance optimization problem. Section 3 presents the computation of the quality factor, effective inductance, and sensitivity of the spiral. Section 4 introduces the SQP algorithm. Section 5 shows the experiment results, and the conclusion is given in section 6. , and e are the lower and upper bounds of the corresponding optimization variables, respectively. The number of turns § is treated as a parameter rather than a variable because it can only take discrete values.¨, © , and are treated as continuous variables for the optimization purposes and may be rounded to the nearest grid point when doing the layout. Since £ and are both nonlinear functions of the optimization variables, our formulation gives a nonlinear optimization problem, which will be solved using the SQP algorithm. To successfully apply the SQP method, we must be able to accurately compute . We will first discuss how to extract £ and , and perform the sensitivity analysis in the next section. The detailed description of the SQP algorithm will be left to section 4.
Problem formulation

Extraction engine
Inductance and quality factor extraction
For the simplicity of implementation, we have only considered the square spiral inductors in this work. The extension to other geometries such as octagonal spirals is straightforward although computationally more complicated. To extract the inductance and quality factor, the spiral is first divided into a series connection of metal segments. The length of each segment should not exceed a small fraction of the wavelength of the EM wave at the operating frequency of the device such that it is meaningful to model the segments by lumped circuit elements. Fig. 2 shows the schematic of the inductor model we used in the extraction where each segment is represented by an equivalent ¥ model. The series branches include the self inductance and the parasitic resistance of the metal segments themselves, and the parallel branches include the coupling capacitance to the substrate and the conductance of the substrate. In addition, there are mutual inductance between parallel segments, and the coupling capacitance between parallel segments in adjacent turns are also modeled.
From [5] , we know that using modified nodal analysis (MNA), the governing equation of the circuit can be written as . The total computational cost is one LU factorization of the coefficient matrix in (2) and two forward/backward substitutions. The method we used to build the is the total number of nodes excluding the ground node. All the distributed parasitic capacitances are calculated using the simple parallel plate capacitor equation. More accurate expressions can be found in [6] or use a capacitance extraction package such as FastCap [7] . To construct the matrix, we divide the relative position of metal segment Generally, there is no simple closed form formula available and C or the self inductance of a segment because of the presence of the skin effect and proximity effect. These two high frequency effects result in a nonuniform current distribution across the cross section of the metal segment which invalidates all the formulas based on the assumption that the current distribution is uniform. As pointed out in [9] , the proximity effect may become significant at frequencies as low as a few hundred MHz for integrated spiral inductors, which means that it should be considered in all simulations of radio frequency devices.
To take care of the nonuniform current distribution in the metal segments due to skin and proximity effects, each metal segment is first divided into filaments along the longitudinal direction and it is assumed that the current distribution in each filament is uniform [5] [10]. Assume we have § parallel metal segments on each side of the spiral, the which can be computed using (8) and (9) . If 
The t y 's should be used to construct the portions of the t d matrix corresponding to the parallel segments on the same side of the spiral.
Sensitivity computation
To apply the SQP method, we must be able to compute the sensitivity of the inductance value and quality factor 
From (15) and (16), we can see that to obtain the sensitivity, we must compute the partial derivative of the ¦ parameters with respect to the optimization variables. One way to accomplish this is to use the finite difference approximation which requires one extra simulation for the sensitivity with respect to each optimization variable. Since simulation is an expensive process, we chose to use the adjoint method to compute the sensitivity which does not require any extra simulation at all.
Since the can be obtained directly from the physical model used to construct the coefficient matrix, and¯" 3 can be computed using the adjoint method [11] , which gives Num. turns 
SQP algorithm
Sequential quadratic programming is a versatile method for solving the general nonlinear constrained optimization problems of the form
Our formulation of the inductor optimization problem fits perfectly into the framework of (21). The Lagrangian of the problem is defined as
In each iteration of the algorithm, a quadratic subproblem
is formed where r is the approximation to the Hessian matrix are computed using the sensitivity analysis discussed in section 3.2. The quadratic subproblem can be solved efficiently using any well known method such as the active set method. If 
where Ó is the step length parameter. As pointed out in [12] , there are different ways that the Hessian matrix of the Lagrangian can be approximated, one of the most popular ones is due to Broyden, Fletcher, Goldfarb, and Shanno, where r is initially set to the identity matrix and updated using the formula vector becomes zero. We have only provided the most basic background of the SQP algorithm here and will not elaborate on this topic any further. Interested readers are referred to [12] and [14] .
Experiment results
We used the CFSQP package [15] as the SQP optimization engine to optimize the quality factor of square spiral inductors. The inductors are assumed to be fabricated using specify the lower and upper bound of the outer length, trace width, and the space between metal traces, respectively. For the SQP method, the initial solution provided to the optimizer is such chosen that each variable takes the average value of its lower and upper bound. If this solution is infeasible, the SQP algorithm will first find a feasible solution automatically and then start optimization [15] . For the enumeration method,¨, From the comparison result, we can see that the quality of the optimized design obtained from SQP is as good as that from enumeration while the runtime of the former is at least one order of magnitude smaller than that of the latter. We point out that the grid we used for the enumeration method is quite coarse, and if finer grid is used, the advantage of SQP over enumeration will become even more significant. In addition, we would like to emphasize that the goal of this work was to demonstrate the speedup we can obtain by using the SQP instead of the enumeration algorithm. The code for extracting the inductance and quality factor is not optimized for speed and accuracy. However, even if a different program is used to implement the extraction engine, we can still expect SQP to have similar speedup ratio compared with enumeration.
A subtle point concerning the SQP algorithm versus enumeration is that the optimization problem we are solving has not been proven to be a convex program. As a result, no mathematical programming algorithm can guarantee the finding of the global optimum, i.e., there is a possibility that the algorithm will stop at a local optimum. However, extensive experiments have shown that most of the time, the global optimum can be found in a single run of the SQP algorithm, and in case the algorithm does stop at a local optimum in one run, we can still obtain the global optimum by running the algorithm at most a few times starting from different initial points. This will preserve the validity of our claim that the SQP algorithm is superior to enumeration in terms of runtime considering the order of magnitude speedup each single run of SQP can achieve.
Conclusions
In this work, we used sequential quadratic programming to optimize the quality factor of integrated spiral inductors. Experiment results demonstrated that SQP can achieve at least an order of magnitude speedup compared with enumeration while maintaining the same quality of the optimized design. Besides its high local convergence rate, another advantage of the SQP method is that it makes no assumption about the formality of either the objective or the constraint functions, which makes it quite compatible with physical models derived from first principles.
